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Abstract 
Weston. D., Factorial henselian rings with non-factorial completions, Journal of Pure and 
Applied Algebra 81 (1992) 89-102. 
We present a class of Noetherian, local, analytically normal. factorial domains with factorial 
henselizations but not necessarily factorial completions. These properties are exploited to 
furnish examples of (1) a henselian. non-approximation ring in characteristic zero. (2) a total 
breakdown of the descent property for divisorial ideals over three-dimensional rings, and (3) a 
Cohen-Macaulay ring with all formal fibres Gorenstein but with no Gorenstein modules. 
0. Introduction 
In this paper we present a general procedure (Proposition 1.7) for the 
construction of rings which exhibit seemingly unrelated, aberrant behavior. 
0.1. Consequently, we shall display a Noetherian, local, analytically normal, 
factorial domain A which remains factorial upon henselization, but not upon 
completion; i.e., Cl(A) = C1(Ah) = 0 and Cl(A) # 0, where Cl(A) can be chosen 
arbitrarily ‘large’. 
Whereas the injectivity of the canonical maps Cl(R)+Cl(Rh) and 
C1(Rh)--t Cl(R) is well known, the literature abounds with cases for which the 
surjectivity of Cl(R)+Cl(R) is lacking [4, 5, 22, 24, 30, 311. 
A further probing into the nature of these counterexamples (when the three 
divisor class groups Cl(R), CI(R”), and Cl(R) are known) reveals the tendency of 
the map Cl(R)+Cl(R) to fail at surjectivity on the level between Cl(R) and 
Cl(R”). 
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In one instance, Mumford [24] furnishes the example of a factorial domain R, 
of which the henselization has an infinitely generated torsion-free class group, and 
for which he strongly suspects that CI(Rh) = Cl(B). 
Bingener and Starch [4] and Rotthaus (in a written communication) present 
different hypotheses for henselian rings to preserve their divisor class group upon 
completion. In both cases, the authors require the rings (among other conditions) 
to be henselian, excellent, and of characteristic zero. 
Lipman [22, Theorem 25.11 proved that a local, analytically normal, henselian, 
factorial domain with algebraically closed residue field k has a factorial comple- 
tion if char k # 2, 3, or 5. 
0.2. Our example, on the contrary, shows ‘obliging’ conduct in the map 
Cl(A) * Cl(Ah) and contumacy for C1(Ah) -+ Cl(A). We seize upon this unantici- 
pated behaviour to point out that the henselization Ah of our ring is at the same 
time an example of a henselian, non-approximation ring in a characteristic-free 
setting. Even though an example of a henselian, non-approximation ring has 
already been furnished by Nagata [26, Example 31 in the shape of a henselian 
discrete valuation ring of which the completion is a purely inseparable algebraic 
extension, his set-up depends crucially on the ring being of characteristic p > 0. 
On the other hand, in our construction, this restriction has been circumvented 
totally. Namely, we rely on the fact that Cl(Ah) = 0 and Cl(A) f0 to ascertain 
that Ah is not an approximation ring. 
0.3. On a different note, we bring up the question of descent of finitely 
generated, torsion-free modules of a ring down to modules of a subring. More 
precisely, in [33, Theorem 1.51 we showed that if (A, III) 4 (B, ntB) is a faithfully 
flat ring extension of two-dimensional, normal, local domains such that A is dense 
in B with respect to the mB-adic topology, and if A4 is a finitely generated 
torsion-free B-module such that the order of the attached divisor class of M in 
Cl(B) divides the positive integer 4, then there is a finitely generated A-module N 
such that N @3A B g @” M. 
Naturally, one is curious to see whether a variation of the above theorem holds 
for rings of Krull-dimension bigger than two. Here again, our construction affords 
a counterexample: We obtain an analytically normal, local domain A of Krull- 
dimension strictly bigger than two with Cl(A) torsion such that for each non- 
principal divisorial A-ideal n, no q-fold sum of n descends to an A-module (i.e., 
for each divisorial A-ideal u 7 A and for each 4 E N+, there exists no A-module N 
such that N @, A G @” n). 
0.4. Finally, we also produce an example of a Cohen-Macaulay, local ring A with 
all formal fibres Gorenstein, but with no Gorenstein module. 
For the setting of this example some historical background is in order. The 
discussion will be facilitated if we assume, for the moment, that A is a Noeth- 
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erian, local, Cohen-Macaulay ring. Leaving the technical definitions for Section 
2, we confine ourselves to results from the literature: 
(a) By the work [32J, [12], and [28], if A is a Gorenstein module, then A has a 
canonical module. 
(b) In [ll] the authors showed that if A has a canonical module 0, then A has 
a Gorenstein module G of (arbitrary) rank t, namely G := @‘R. 
(c) Hartshorne [18] and Sharp [32] proved that if A has a Gorenstein module, 
then all the formal fibres of A are Gorenstein rings. 
Clearly the implication in (a) cannot be reversed. Whereas in [ 1 l] it was shown 
that for one-dimensional rings, the implications in (b) and (c) can be reversed, in 
[33] we showed an example of a two-dimensional ring with a Gorenstein module 
of rank two but no canonical module, thereby invalidating the converse of (b). 
With the example in the present paper, we finally prove that not even implication 
(c) can be reversed. 
The statement and proof of our desired construction can be found in Section 1, 
whereas Section 2 will be comprised of the aforementioned examples and some 
descent results. 
Throughout the paper, for a local ring (R, n) , the symbols Rh and t?, respec- 
tively, denote the henselization and the n-adic completion of R. 
1. Henselian factorial domains 
Before we state and prove our main result, it is necessary to present some 
terminology and do preliminary groundwork. 
1.1. Definition Cog oma [27]). The polynomials P,(X,, . . , X,,), . , 
PAX,, . . , X,,) in Z[X,, . , &,I are called absolute prime generators if they 
satisfy the following two conditions: 
(i) Let (R, III, k) b e a regular, local ring with dim R = s 2 n, containing a 
field, and let x,, . . . , x, be a regular system of parameters for R. Then 
(Pl(x,, . . , x,,), . . , P,-(x,, . . , x,,))R E Spec R . 
(ii) Let R be an integral domain. If A := R[X,, . . , X,,], then 
(P,(x,,. . . J,,),. . . ,f’,(X,,. . 2,J)AESpecA. 
While absolute prime generators can be found in nature to suit different needs, 
in [34], we furnish a method for the procurement of a large class of such 
polynomials. We shall return to this class of absolute prime generators in due 
time. We now cite the following version of Bertini’s Theorem, due to Flenner [9], 
and its accompanying definition. 
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1.2. Definition. Let k be a field, then we say that a property holds for general 
A E @‘I k if the property holds for all points of a non-empty, Zariski-open subset 
of @“k. 
Clearly then, if k’ is an infinite subfield of k and if a property holds for general 
A E @” k, then the same is true for general A E @‘I k’. 
1.3. Theorem (Flenner [9, 4.2-4.4 and 4.7-4.101). Let (A, II) be a local, excellent 
k-algebra where k is an infinite field. Suppose that n, , . . , n,, generate 11 and that 
ht 112 3. Assume either that char k = p > 0, Aln is separable over k and A is R,, 
or that char k = 0. Suppose further that depth A Z- 2 and that A is analytically 
irreducible. Then for general A := (A,, . . A.,) E @’ k, and z := xi=, A,n,, the 
ring Al(z) is analytically irreducible also. q 
In further preparation, we give a modification of [27, Proposition 3.11. 
1.4. Let (S, 111) be a local ring with coefficient field k and (R, II) be a local subring 
containing an infinite subfield k’ of k. Suppose that IIS = HI, and that n,, . , n,7 
generate II. Let F,(Y), . , FC,( Y) be polynomials in the variable Y with co- 
efjicients in S, and $1,) . . . , &I, be prime ideals of S. If there exists an element p E 111 
such that 
(1) p= c:=, An, for general A:=(A,, . . , A,)E@‘k, and 
(2) F,(p)@P,for iE{l,. . . , t>, 
then there exists an element p’ E II such that 
(1’) p=z),,y,n,forgeneraf y:=(y ,,..., y,)E@‘k’,and 
(2’) F,( p’) jZp, for i E { 1, . . . , t}. 
Proof. We consider the image F, of F, by way of the canonical epimorphism 
S* S/u,. By hypothesis (2), the polynomial F, is not identically zero. 
Let 0, denote the non-empty (since k’ is infinite), open subset of @” k’ induced 
by F,(c:=, n,X,)#O for X,, . . ,X, variables. 
By the comment immediately following Definition 1.2, there is a non-empty, 
open subset O,, of @” k’ corresponding to the set of general A E @” k in 
hypothesis ( 1). 
We note that 0 := n:‘=,, 0, is a non-empty, open subset of @‘ k’ such that for 
each (y, , . , y,)E 0, the element p’:= c’i=, r,nj satisfies (1’) and (2’). 0 
We shall use the above Bertini-type theorem to prove the following proposi- 
tion, which is reminiscent of [27, Proposition 3.21, in form, which however, in 
actual content, requires more delicate machinery for its proof. 
1.5. Proposition. Assume that P, (X, , . . . , X,,), . . . , P,(X, , . . , X,,) E (X, , . . 
X,,P[X, > . . . 3 X,,] are absolute prime generators, homogeneous of the same 
degree, such that whenever K is a field, and B : = K([X, , . . , X,,BI(P, , . . , P,), 
then B is R,, and depth B = dim B 2 3. Let (R, n) 9 (S, nS) be a ring extension of 
n-dimensional, regular, local rings, with x,, . . . , x,, a regular system of parameters 
for R, and let k be an in$nite$eld contained in R such that k c SlnS is separable. 
Allow (Y, p, p,, . . , pr, E nS and e E IV+. In addition, suppose that q,, . . , q, 
are prime ideals of S such that ht 0,~ n - 1 and such that (cu, /3)Sgq, for 
iE{l,. . .) s}. Then there exists an element p’ E R such that for each j E 
(1, . . , d}, and each i E (1, . , s}, 
(a) p’ and p, are not associates, 
(b) Q + P(P’)‘~c~,, and 
(c) p’ is a prime element of $/(P,(x,, . . ,x,,), . . . , P,(x,, . . , x,,))S. 
Proof. By Lemma 1.4 it suffices to establish that there is an element p E S 
satisfying (a), (b), and (c). 
Let Z=(P,(x,, . . ,x,,), . . . , PI(x,, . . . , x,,))S, and A := (S/I) ^. Then, by the 
hypotheses on P,, . . . , P,, it follows that depth A = ht n A 2 3. We note that 
(A, nA), as a k-algebra, satisfies all of the conditional propositions in Theorem 
1.3, and hence there exists an open set 0 C @” k such that for each 
A:=(/+, . . . ) A,,) E 0, the element z = c:‘=, A,x, is a prime element of A. 
We next show that the element z, above, can be chosen to be relatively prime 
to a and such that z@U,=, q,. 
Let LY = s:l . . . . q,!’ with q,, . . . , q, mutually non-associate primes of S, and 
LI:= {c:‘=, h;xi ((A,, . . , A,,)E O}. By way of contradiction, we suppose that 
11 C {U l=, q,S} U {U :=, q,}. If LlS denotes the ideal in S generated by the set 11, 
then, without loss of generality, we may assume that 11s C q,S or that 11s C cl,. In 
either case ht(LlS) i n - 1. 
On the other hand, since k is infinite, we observe that for each i E { 1, . . . , n} if 
{A,, . . . , A,, . . . , A,,) E 0, then there exists a Aj in k not equal to A,, such that 
{A,, . . . , A:, . . , A,,) E 0 also. If for each i E { 1, . . , n} we let z, := A,x, + 
. . . + A,x, + . ..+A,,x,, and z::= A,x, +...+A:x, +...+A,,x,,, then x,=(X,- 
Ai))‘(z, - 2:) ELLS. Thus US = (x,, . . . , x,,)S C US and hence ht(llS) = n. 
The contradiction caused by the above height considerations implies the 
existence of an element z E 11 relatively prime to cy and not contained in any (7,. 
Noting that (z, (Y) = 1 and that z + LY’ E nS\n’S for all t E N - {l}, we con- 
clude that {z + a’ 1 t E N - {l}} IS a set of mutually non-associate, prime ele- 
ments of S. 
We appeal to [27, Lemma 3.2.11 to establish that there is a natural number 
k 12 such that z + ak satisfies conclusions (a) and (b). 
It remains to show that z + CY k is a prime element in A. To that purpose we let 
Gr,,,(A) be the associated graded ring of A with respect to the nA-adic filtration. 
Since P,, . . , P,, are homogeneous of the same degree, Gr,,,(A) r A’, where 
A’:= k[x,, . . ,x,,]l(P,(x,, . ,x,,), . . , P,(x,, . . , x,,)). Because A’ is a do- 
main, k 2 2, and a E nS, it follows that Grl,A,(z+ak,(Al(z + a”)) E A’/(Z). 
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On the other hand, A’/(z) is a Cohen-Macaulay domain. By an elementary 
exercise, if the associated graded ring of a Noetherian, local ring R is a domain, 
then so is R. Thus z + ah is a prime element of A. 0 
Before we proceed to the next technical step in the construction, it is appropri- 
ate to convince the reader that absolute prime generators, such as in Proposition 
1.5, actually do exist in abundance. 
In [34], we give conditions for finding a generic class of absolute prime 
generators: 
1.6. Theorem 134, Theorem 1.31. Let C : = Z[W, , . . , W,] be the ring of 
polynomials over Z, where k 2 4, and let M = (m,, . . , m,)C be a finitely 
generated, non-free, reflexive, graded C-module with rank,M = d + 1 and 
depth (w,.. _.w,,c-M 24. Suppose that while M,, is free for each p E G := 
{PESpecC((W,,. . , W,)Cgp}, the localization M,,,,, ..w,jc. is not free. Let 
R:=C[{Yjj(l-‘- -= I -=c s and 1 5 j 5 d}] be the polynomial ring over C. Then there is 
a graded exact sequence 
such that I is an height-two ideal of S, generated by absolute prime generators. 5 
Below we submit a very familiar example of absolute prime generators demon- 
strating the workings of Theorem 1.6. 
If we set k E 5 and M to be the (k - 1)st syzygy of Z in the Koszul complex 
resolution of Z over C, then it is easily seen, by depth considerations, that the 
induced absolute prime generators will be as desired in Proposition 1.5. Actually, 
for K, a field, A : = K(IX,, . . , X,,jji(P,, , P,) will be a Cohen-Macaulay, 
normal, local ring as per [34, Claim 2.11 with Krull dimension at least 18, since 
n=k+s.d?5+5.3=20. 
In fact, P,, . . , P, will be the full set of (maximal) k - 1 by k - 1 minors of the 
matrix 
[ 
w, y,., .. . Yl.k-2 . . . . 
kiJh : 1 i;., . . . i&I 
of all the indeterminates of R over K. 
At his point we can present the paper’s main result. The procedure is based on 
work by [29] and [6], of which variations appear in [27] and [33]. In the following, 
we give yet another variation of the construction’s skeleton, fine-tuned to obtain 
the sought after results, and circumventing problems of an undesirable generic 
formal fibre. 
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1.7. Proposition. Let B := K[X,, . . . , X,]c, ,,..., x,,j, and let n:= (P,(X,, . . , X,,), 
. ) P,(X,, . , X,,))B, an ideal of B, where P,(X), . . . , P,(X) form a set of 
absolute prime generators as in Proposition 1.5, and where K is a countable, purely 
transcendental extension field of Q of infinite degree. Then there is a Noetherian, 
local, Cohen-Macaulay, unique factorization domain R, of which the henselization 
Rh is factorial as well, and such that i? z (Bin) n. Furthermore, whenever p is a 
non-zero prime ideal of R, then Rip is essentially of finite type over K. 
Proof. To avoid repetition, we refer the reader to the detailed proofs of the basic 
construction in the work of [6], and [27]. Below, we offer material pertaining to 
the necessary modifications, and to a general understanding of the desired ring R. 
Let Q be the rational number field, {A,, ) 15 i 5 n, j E fW} a set of indetermi- 
nates, K,:=Q({A, 1 llisn, lsjst}), and K:=62({A,,)l~i~n, jEI++l}). 
Set S, := K,[X,, . . . , X,,lcx ,...._ x,,j and S := K[X,, . , X,,lcx ,...,. x,,,. Denote by 9 
the set of all prime elements of S such that for each principal prime ideal p of S, 
there is a unique p E 9’ with p = pS. 
Our aim is to display an enumerative map F : NG 9 (where e(i) =: p,, 
i E FV), together with a set of positive integers {t, 1 i E N}, complying with 
properties (a)-(d) below. 
The following notation will facilitate our discussion: 
For tEN+ and ISiSn, let 4, := rI:=, P,> t,,, := X,, .35,,:= 
{P,(X,, . .3X,,), . . 7 f’,(X,,... ,X,1)}> C,r’=X<+ Ci=, A,q:/, sT,:={f’1(51r> 
5,,,)? . . 7 P,(5,,3 . . 7 5,,,)>3 
Sp&}. 
and c:={kENi lskst. (.t‘,> PL)SE 
For t E N’, let Property u(t) be the statement: 
If q is a minimal prime over ideal of (.t‘,, p,)i, then ~7 = (,xk, p,)s for some 
kET,. 
Our first act is to show the following lemma: 
1.8. Lemma. There exists a bijective map F : FV+ .CP (where e(i) := p,), together 
with a set of positive integers {t, ( i E N} such that for each i E N, 
(4 t,<t,+,, 
(b) P, ,@f.t’,- ,S, 
(c) pi E Sip,, and 
(d) Property U(i) holds. 
Proof. We shall use induction on i. To start the process, let t, := 1. We invoke 
Theorem 1.3 for the existence of p, as per (a)-(d), and in addition, since Q is 
infinite, we are able to, and therefore do, select p, = h,X, + . . . + X,,X,, with 
A, E Cl! - (0) for 15 i 4 n. 
At this point we note that (c,.r,. . , c,,_,,,, p,)S=(X,, . . . , X,,)S for tENU 
(0). Also [,, = X, + p, h,, where A, = A ,, + p, gi, is a unit in S, and g,, E S, for each 
t E N ‘. Since A,, , . . , A ,,, are algebraically independent, U, : = 1 + c :=, A, 6, is a 
unit in S, for each t E N+. A quick calculation shows that p, = C:‘=, h,(u,) I[,,. 
Thus I&,,..., t,,,} is a regular system of parameters for S, and hence ,x‘,S is a 
prime ideal for each t E !V U (0). 
As regards the inductive bridge, since { [,,, . . , t,,,} is a regular system of 
parameters, we appeal to Proposition 1.5, and note that arguments in [27, 4.2, 
4.3.1, and 4.31 need minor, but tedious adjustments (which we shall omit) to 
complete the proof. 
To understand the difference between [27] or [33]. and the present situation, 
we note that in Proposition 1.7 we no longer have the ‘luxury’ of an extra variable 
to allow us to pass to prime ideals easily. It is here that the strength of Bertini’s 
theorem (in the setting of Proposition 1.5) really shows. 
The first step involved is the extending of an enumerative map 
r:{l,..., i}4~tos:{1,... , i, . . , n} 9 P’, avoiding c(j) = cj to be a given 
prime p. Proposition 1.5 allows us to pick p, such that (Z,, p,)S E Spec(S) for 
i+lSjSm. 
The next step is to translate [27, Lemma 4.3.1) to considerations over the 
completion of S,,/.t‘,,S,,. For this, we note that [27, Proposition 2.31 still applies to 
our case. 
Finally, we extend I : (1, . . , n} 4 B to E : (1, . . . , n, . . , m} + 9 so that 
c(m) = p for a given p E 9\{ p,, . . , p,,}. Cl 
We introduce some more notation before putting forward the desired ring R. 
Let L be the quotient field of S. Consider the elements 
a,,:= qy",(t,j>. . , 5,,,> in L, where lsi~r and jEN. Let R’:=S[U,~(~~ 
i~r,j~~].Wereferto[6]foraproofofthefactthat11l:=(X,,...,X,,)R’isa 
maximal ideal of R'. Set R := (R'),,,. By [6], we see that R is a Noetherian, local 
domain. 
Let[,:=X,+~;_,Ai,y~forl~icv,and~,:=P,([ ,,..., .$,,)forl-=jsr. 
As in the proof of Lemma 1.8, we convince the reader that { 5,) . . , t,,} is a 
regular system of parameters for 3: We first note that (X,, . . , X,)$ = 
( 5,) . . , t,,_ , , p, )s, where p, = c :‘, A,& for some A, E Q - {O}. Next we show 
that p, = c:‘=, h,u-‘5, where u:= 1 + C:‘_=, A,J is a unit in S since 
f; := A;, +p,~~=2(A,,q~ip~), A;EQ - (0) and A,,,..., A,,, are algebraically 
independent. 
Thus by the choice of P,, . . , P, as per Proposition 1.5, it follows that 
9/(%-,, . . , T~,)$ is S-torsion-free. We return to [6] to extract the proof that 
R= 3l(?T,, . r,)s s (B/o) n. Since (Bin) ^  is Cohen-Macaulay, by the choice 
of P,, . . . , P,. as per Proposition 1.5, the ring R must be Cohen-Macaulay as 
well. 
We refer the reader to [6, Proposition lS(iii)] for a proof of the fact that Rip is 
essentially of finite type over K whenever 4~ is a non-zero prime ideal of R. At this 
point, it only remains to show that R" is unique factorization domain: 
If we demonstrate that each height-one prime ideal n of R" is principal, then we 
shall be done. 
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Recall that &J fl R # (0) for the extension R C Rh. Since S C R C L := S,,,, it 
follows that ~1 f’ S # (0). Thus, there is an integer t E lV+ such that p, E p n S. 
Since k z s/(.t’,)s, it follows that l?/p,l? r $l(p,, X,)3. However, by Property 
U(t), the only minimal prime over ideals of (p,, .X,)3 are of the form (px, .U,)$ 
where k E r,. Thus the only minimal prime over ideals of p,f? are of the form p,k 
for some kE c. Hence 11 =phRh. 0 
We remark here merely that the extension R C k is ‘almost’ unramified in 
codimension one in the sense that whenever ‘$ is an height-one prime ideal of fi 
such that v n R # (0). then !j3 is unramified over R (and actually ?$3 = (?j.3 fl R)!?). 
This is due to the fact that we replaced the original (see [27, p. 711) definitions for 
c and Property U(t) by their ‘completion’ versions. 
It is the ‘almost’ divisorially unramified character of the extension R C k which 
allows us then to preserve the factoriality of R upon henselization. 
2. Examples 
As promised in the Introduction, we now provide instances of the behaviour 
illustrated in 0.1 through 0.4. 
By Proposition 1.7, it is clear that the burden of finding cases such as these lies 
with searching out appropriate prime generators. 
We revive the class of examples following Theorem 1.6. Let us fix on a 
particular k 2 5. By Proposition 1.7, we already know that the absolute prime 
generators P,, . . , P, will induce a Noetherian, local, Cohen-Macaulay, factori- 
al domain R with a factorial henselization Rh. To convince ourselves that this class 
of rings fits the description in 0.1, we merely observe that fi is not factorial. 
As a matter of fact, calling upon [7], we see that Cl(K[X,, . . , X,,]/ 
(P, > . . > PA)) s Z. Furthermore, we can arrange Cl(k) to be ‘arbitrarily’ large 
by letting {X,, , . , x,)8 1 6 E A} be a set of indeterminates over K, and 
{P ,fi?. . 3 P,, 1 6 E A and P, := P,(X,, , . . , X,,,)} be a set of absolute prime 
generators, where A is any finite set. Then 
Cl(K[{X,,, . , X,,, 16 E A}]~({P,~, . , P,, 16 E A>)) ‘@,J 3 
a fact easily proven by mimicking [lo, Proposition 14.81. 
This same set of rings generates examples as in 0.2, namely non-approximation, 
henselian rings of characteristic zero. (Actually, the construction is of a charac- 
teristic-free nature. If, in Proposition 1.7, we substitute K := Q( { A,, ) 1 4 i I ~1, 
HEN}) with K’:=k({A,,Il~i~rz, jEFV}) where k is an infinite, countable 
field of characteristic p > 0, then the result of Proposition 1.7 will still go 
through.) 
In an unpublished computation, and referred to in [20, p. 89X], Hochster shows 
that local, factorial, approximation rings preserve the factorial domain condition 
upon completion. Therefore, Rh cannot be an approximation ring since Cl(Rh) = 
0 and Cl(R) # 0. 
Before displaying rings as in 0.3 and 0.4, we need to touch upon some descent 
results, which will involve the concept of the Brauer Class Group, BCl(A), of a 
normal domain A. Without going into details and justifications, we present the 
meaning of BCl(A), while pointing the reader to [l] and [16] for a verification 
that BCl(A) actually is well defined. 
Let A be a normal domain. and 9Z2, the class of finitely generated, reflexive 
A-modules with projective endomorphism ring (as an A-module). We specify an 
equivalence relation - on %.A; If M and N are in Zn,, then M - N provided there 
exist M’ and N’ in Zn, such that M 69 M’ and N@ N’ are in 9, and M G3 M’ E 
N@N’. We define BCl(A) to be %!‘,i--, and the product in BCl(A) to be 
[Ml. [N]:= [(M @A N)““] whenever [M] and [N], respectively, stand for the 
equivalence classes of M and N in g2,. 
Let Pit(A) denote the Picard group of A, Br(A) the Brauer group of A (see 
[2]), and L the held of fractions of A. We shall be making extensive use of the 
following exact sequence, initially appearing in [ 11. 
2.1. Theorem (B. Auslander [l, Corollary VII.31). Let A be a normal domain with 
L := A,,,,. Then there is an exact sequence 
O-+ Pit(A)+ Cl(A)+ BCl(A)L Br(A)--, Br(L) , 
where g([M]) := [End,(M)]. 0 
Since the setting to which we shall apply Theorem 2.1 will be that of a local ring 
(A, llt, k), the above sequence will take on the form 
()+Cl(A)-+BCl(A)*Br(A)+Br(L) 
We now establish the following easy result. 
2.2. Lemma. Let (A, ut) - (B, it) be a local, ji’at ring extension of Noetherian, 
normal domains. If the canonical map y : Br(A)-+ Br(B) is a monomorphism, 
then BCl(A) n Cl(B) = Cl(A). 
Proof. By Theorem 2.1. we have the following commutative diagram with exact 
rows, and monomorphic maps L, n, and y: 
f 
O-Cl(A)& BCl(A) s/I__, Br(A) __f Br(A(,,,) 
J 
T) 
I 
Y 
I i 
O- Cl(B) ABCl(B)ABr(B)- Br(B(,,,) 
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Let N be a finitely generated, reflexive A-module with a free endomorphism 
ring such that v([N]) = f,([b]) f or some divisorial B-module 6, i.e. [N] E 
BCl(A) n Cl(B). Then gRov([N]) = g,of,([b]) = 0 and so -yog,([N]) = 0. By 
injectivity of y, it follows that [N] E Im f,, i.e. [N] E Cl(A) since f, is injective. 
Thus BCl(A) f’ Cl(B) C Cl(A). The reverse inclusion needs no comment. 0 
Let (R, 9<) be a Noetherian, local, analytically normal domain. Using [3, 
Theorem 241, we can conclude that the maps Br(Rh)*Br(Rh/%c’Rh) and 
Br(fi)-+ Br(f?/?ll<&) are injective. On the other hand, Rh/!NRh E k/!lUlk. Hence 
Br(R”) + Br(fi) is injective as well. 
Thus, Lemma 2.2 can be applied to the situation where (A, llr) := (R”, 9lR”) 
and (B, n) := (A, !utk). 
2.3. Remark. Consequently, whenever M is a rank-t, finitely generated, reflexive 
Rh-module such that M GQRh l’? s $’ b for some divisorial R-ideal 6, then M must 
split, i.e. M 2 $‘n for some divisorial R”-ideal (1. 
It is now obvious how to create a ring to accommodate 0.3, i.e. a Noetherian, 
local, analytically normal domain A with Cl(a) torsion such that for each 
non-principal divisorial a-ideal 6, and for each 4 E iV’, no A-module N exists 
such that N @A a z e4 6. (We say that fJ does not descend to A.) Namely, if we 
arrange matters so that Cl(A”) = 0 and Cl(a) is non-zero, torsion, then we shall 
be unable to descend any non-principal a-divisorial ideal either to A or to Ah. 
By Proposition 1.7 we are faced merely with uncovering absolute prime 
generators P,, . , . , P, such that Cl(K[X, , . , X,,l /( P, , , P,)) is non-zero and 
torsion. 
While it is possible to find absolute prime generators P,, . , P, to fit the above 
bill, as of yet, we only know that the Krull dimension of the induced ring R, and 
hence of &g K[X,, . . , X,,]/(P,, . . , P,), must be at least three (see [33, 
Theorem 1.51). 
Our aim is to demonstrate that the smallest possible Krull dimension of a ring 
extension R C I?, for which descent fails in such a radical manner is indeed three. 
Let 
x, x2 x3 
x:= x2 x4 x, 
[ 1 -5 x5 X6 
be the symmetric matrix formed out of the indeterminates X,, . . . , X, over the 
field K (as per Proposition 1.7), and P,, . . . , Ph be all of the 2 x 2 minors of X. 
In [33] it was shown that P,, , P6 are absolute prime generators. By results 
in [21], [13], and [14], the ring K[X,, . . . , X,]/(P,, . . . , Ph) is a three-dimension- 
al, normal (and by [26, Theorem 37.51 analytically normal), Cohen-Macaulay, 
non-Gorenstein ring, of which the divisor class group is isomorphic to Z2. 
Actually, since char K = 0, it is easy to show that Cl(KuX, , . . . , X6]/ 
(P,, . , Ph)) z Z2 also. Clearly then P,, . , P, is the desired set of absolute 
prime generators. 
Finally, we turn our attention to the case of Cohen-Macaulay, local ring, of 
which all the formal fibres are Gorenstein. but which has no Gorenstein modules 
(see 0.4). 
Before plunging into this example, we interject some information about 
Gorenstein modules. As already mentioned in the Introduction, we shall assume 
that A is a Noetherian, local, Cohen-Macaulay ring, merely to speed up the 
expository process. 
2.4. In [21], Sharp defined a finitely generated A-module G to be Gorenstein of 
rank r provided that for p E Spec(A), the Bass number p; (p. G) equals t if 
i = ht,n and equals zero otherwise. 
2.5. In [ll, Corollary 4.61, the authors showed that any Gorenstein A-module G 
is isomorphic to a direct sum of the, up to isomorphism unique, Gorenstein 
A-module G,, of minimal rank. 
2.6. From the presentation in [19], one can show that a Gorenstein A-module of 
rank one coincides with a canonical A-module. 
2.7. By [12] and [28], every complete, Cohen-Macaulay, local ring has a 
canonical module. 
2.8. It is an elementary exercise to show that if (A, 111) + (B, MB) is a flat, local 
ring extension, then G is a Gorenstein A-module of rank t if and only if G gA B is 
a Gorenstein B-module of rank t. 
Let R be obtained as per Proposition 1.7. Furthermore, suppose that R is not 
Gorenstein. By 2.8, if R has a Gorenstein module G of rank t, then G @J,< Rh and 
G @I,< R will be Gorenstein Rh- and R-modules of rank t, respectively. By 2.7 
there is a canonical R-module 0,, and by 2.5, (G OK Rh) @,+ ii z @' 0,. We 
avail ourselves of Remark 2.3 to conclude that G@,< Rh splits; i.e. there is a 
divisorial Rh-ideal n such that $’ n F G @,( Rh. By 2.4 and 2.6, n is a canonical 
R”-module, contradicting the facts that Rh is non-Gorenstein and Cl(Rh) = 0. So 
R" and R must not have Gorenstein modules (of any rank). 
Analyzing all of the above, it suffices to find absolute prime generators as in 
Proposition 1.5 such that the induced ring R is non-Gorenstein and such that R 
has all of its formal fibres Gorenstein. 
We recall that the absolute prime generators P,, . . P, obtained from the 
3 x 3 symmetric matrix X, above, give a non-Gorenstein ring R. 
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It remains to show that the induced ring R has all of its formal fibres 
Gorenstein. By Proposition 1.7, whenever p E Spec(R) - {0}, then Rip is essen- 
tially of finite type over the field K. Then by [17, Theorems 7.4.4, 7.3.31 the 
formal fibre (Rip), gK R with respect to p is Gorenstein. Therefore, we are left 
with determining that the generic formal fibre of R is Gorenstein. We note that 
ark n R = utR, the maximal deal of R. Thus if we show that (A), is Gorenstein 
for every q E Spec(d) - {md}, it will certainly follow that the generic formal 
fibre is Gorenstein. By [25] since (fi), is a Cohen-Macaulay, homomorphic 
image of a regular, local ring, (fi), will be Gorenstein, if we show that (&)* is a 
unique factorization domain. 
Since Q # nrff = (X,, . . , X,,)k, then X,$q for some i~{l,.. . ,a}. 
If i = 1, 4, or 6, then (K[IX,, , XJ/(P,, . , P6))‘13 g K[Y,, Y?, Y,], for an 
appropriate ‘c E Spec(K[Y,, Y,, YJ). If i = 2, 3, or 5, then 
(KU-Y,, . . . , X,Tli(P,, . . , fQ>q = NY,, YZ? y3, Y,BI(Y,Y, - y:))\7 
for a EL E Spec(K[Y, , Y,, Y3, Y,j) such that Y, j?? C and Y,Y, - Y: E i‘. 
In either case, we see that (A), is Gorenstein (note that K[Y,, Y,, Y,j/ 
(Y,Y, - Yf) is a two-dimensional normal ring). 
Thus R is the desired ring. 
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